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Abstract. We consider computational methods to calculate the Hausdorff and Box dimension of
Julia sets arising from complex dynamical systems generated by polynomials and rational complex
functions. Some of the existing algoritms are very easy to implement, but we have no control over
the accuracy of the results. Other algorithms provides error estimates, but in many of these cases
new numerical problems arise. We discuss some of these methods, and use both C programming

and Mathematica programming to implement the algorithms, and compute a lot of examples. Some
of the algorithms are well suited for parallel computations, in particular box counting methods with
refinements.

Numerical experiments: The numerical experiments in the text below has been performed
on a Dell Latitude C810 laptop (1.13 GHz CPU with 256 Mb RAM) and on a Compaq Peresario
5726 PC (500 MHz CPU with 386 Mb RAM) both running Mathematica 5.0 on SuSE Linux, kernel
2.4.20. The C programs has been compiled with the GNU C compiler gcc version 3.3.

The Julia set of fα(z) = z2 +α for α = 0.253930+0.000480i. The C program
by McMullen, [CMP] gives an dimension estimate of dim(J) = 1.37 with an
initial cover size of 10−3 with 81 steps. The dimension estimate with an
initial cover size 10−4 is dim(J) = 1.405 in 101 steps. The parameter is
chosen close to the parabolic point at α = 0.25. The difference illustrates
some of the difficulties discussed in this paper. How may we compute the
fractal dimension with some given accuracy?

Key words and phrases. Complex dynamical systems, Julia sets, Hausdorff dimension, computational meth-
ods, fractals, box counting, Mathematica programming.
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Introduction

There are many notions of the dimension of a set X . Intuitively the notion of the dimension
of X should have the following properties: (i) For a “nice set” X , such as a piecewise smooth
curve or a hypersurface, the dimension should be an integer equal to the algebraic notion of the
dimension. (ii) The set X can have fractional dimension. (iii) Points and countable unions of
points should have dimension equal to zero.

The algebraic dimension.

The topological dimension. The topological dimension dimT (X) of a set X is equal to zero
if every point x ∈ X has a sufficient small ball containing x and the boundary of this ball does
not intersect X . The topological dimension of X , denoted by dimT (X), is equal to d if for every
point x ∈ X every sufficient small ball containing x has a boundary intersecting X in a set of
dimension d− 1.

Remark. Unfortunally dimT (X) ∈ N ∪ {0}, that is, dimT (X) is always an integer, but this is
the usual definition of the dimension of a manifold.

The box dimension. Let N(ε) be the smallest number of ε-balls needed to cover X . The Box
dimension is given by

dimB(X) = lim sup
ε→0

ln(N(ε))

ln(1/ε)
.

Remark. The box dimension is easy to implement on a computer with various methods. It
has however some shortcommings (theoretical) as the following simple example shows: Let
X = {x ∈ R : x = 1/n where n ∈ N} ∪ {0}. Then dimB(X) = 1/2. To see this, note that the
distance between the numbers 1/n and 1/(n− 1) is 1/(n2 − n) > 1/n2 with almost equallity if
n is large. We cover the set X with intervals of diameter close to 1/n2, and we need n such sets
to do so. Hence the result follows.

The Sierpinsky Triangle, or equvalently, the outcome of “the chaos game”
playing with a three-sided coin. The set is the attractor of an iterated function
system consisting of three affine linear mappings. Its Hausdorff dimension is
d = ln 3/ ln 2 ≈ 1.58496.

The dimension of X should be equal to zero as X is countable according to our intuitive
property (iii), and we need to redefine our notion of dimension.
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The Hausdorff dimension. The Hausdorff dimension of a metric space X , dimH(X), is the
infimimum of the numbers α with the following property: For any ε > 0 there is a δ > 0 and a
cover U of X such that the sets B ∈ U all have diameter |B| smaller than δ and

∑

B∈U

(|B|)α < ε.

Remark. Clearly dimH(X) ≤ dimB(X), and it turns out that equallity holds in most (interest-
ing) cases. Moreover, the intuitive properties (i) – (iii) above hold for dimH(X).

Some nice properties of the Hausdorff dimension. A non-integer Hausdorff dimension
implies a set of measure zero. Let µd denote the d-dimensional Lebesgue measure of a set
X ⊂ Rd. If dimH(X) < d then µd(X) = 0.

The Hausdorff dimension is preserved under “nice” deformations of the set. Let f : X1 −→ X2

be a bi-Lipschitz map, that is, there is a C > 0 such that

C−1|x− y| ≤ |f(x) − f(y)| ≤ C|x− y| for all x, y ∈ X1

then dimH(X1) = dimH(X2).

Preliminaries from dynamical system theory

We will need some concepts from general theory of dynamical systems. An excellent reference
text is written by John Milnor, [M]. We will include some basic definitions and fundamental re-
sults for the completeness of this note. The definitions and concepts are adapted to fit (rational)

maps f : Ĉ −→ Ĉ where Ĉ = C∪{∞} denotes the Riemann sphere. The conformal structure of
the Riemann sphere can be specified by using the usual coordinate z as a uniformizing parameter

in the finite plane C, and ζ = 1/z as a uniformizing parameter in Ĉ \ {0}. A suiable choice of a

distance function on Ĉ is σ assosiated with the Riemann metric

ds =
2|dz|

1 + |z|2

A map f : Ĉ −→ Ĉ give rise to a dynamical system on Ĉ where the (forward) orbit through

a point z0 ∈ Ĉ is definded as the sequence {zi}i≥0 where zi+1 = f(zi).

Normal families of holomorphic maps. Let F = {fα} be a collection of holomorphic maps
fα : S −→ R, where S and R are Riemann surfaces with R compact. Then F is called a
normal family is every infinite sequence of maps from F contains a subsequence which converges
uniformly to a limit.

Fatou and Julia sets. Let f : S −→ S be a non-constant holomorphic mapping of a Riemann
surface S, and let fn denote its n-fold composition (iterate). Let z0 ∈ S be fixed. If there exists
some neighborhood U of z0 such that {fn} restricted to U forms a normal family, then z0 is
called a regular (normal) point of S, and z0 is said to belong to the Fatou set of f , denoted by
F (f). Otherwise z0 is said to belong to the Julia set of f , denoted by J(f).

Example 1. Consider the map f : Ĉ −→ Ĉ defined by f(z) = z2. Then fn(z) = fn(z) = z2n

forms a family of maps. Let z0 be a point such that |z0| < 1 and let U be a neighborhood of
z0 such that |z| < 1 for all z ∈ U . Clearly the restriction of {fn} to U converges uniformly
to the constant map g(z) = 0. Likewise if |z0| > 1 there exists neighboorhoods such that the
restriction of {fn} to these converges uniformly to h(z) = ∞. On the other hand, if |z0| = 1
then any neighboorhood of z0 will contain points of norm both less and greater norm than 1
and the family restricted to such a neighborhood can not converge uniformly to a holomorphic
map. Hence the Fatou set of f is F (f) = Ĉ \ S1 while the Julia set of f is J(f) = S1.

The general definition of the Fatou and Julia set of a mapping is not well suited for com-
putations. We will need alternative characterizations of these sets. We will first define some
concepts before proceeding.
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Expanding and contracting maps. Let f : Ĉ −→ Ĉ be a smooth map and let X ⊂ Ĉ be
a compact f -invariant subset. Let TzĈ denote the tangent space at z and let ‖ · ‖ denote a

Riemannian metric on TzĈ. The map f is called expanding on X if there exit constants c > 0
and K > 1 so that

‖D(fn)(z)v‖ ≥ cKn‖v‖ for all n ≥ 0, z ∈ X and v ∈ TzĈ.

Similarily, f is called contracting on X if there exit constants c > 0 and K < 1 so that

‖D(fn)(z)v‖ ≤ cKn‖v‖ for all n ≥ 0, z ∈ X and v ∈ TzĈ.

Remark. An equivalent requirement (by compactness of X) for f to be expanding on X is that
‖D(fn)(z)v‖ > ‖v‖ for all non-zero tangent vectors v for some fixed n ≥ 1 over X .

Hyperbolic maps. Let f be a holomorphic map of a Riemann surface and let X be a compact
f -invariant subset. The map f is hyperbolic on X (or X is a hyperbolic f -invariant subset) if
f is expanding on X or f is contracting on X or X = Xe ∪ Xc is a disjoint union where f is
expanding on Xe and contracting on Xc.

ω-limits. Let f : Ĉ −→ Ĉ be a map and let z ∈ Ĉ. The ω-limit of z by f , denoted by
ω(z) = ωf (z) = ω(z, f), is the set of accumulation points of the orbit of z by f , {fn(z)}n≥0.

Non-wandering sets. Let f : Ĉ −→ Ĉ be a map and let z ∈ Ĉ. The point z is called wandering
if there is an open neighborhood U of z such that U ∩ fn(U) = ∅ for all n ≥ 1. If a point is
not a wandering point it is called non-wandering. The set of non-wandering points of a map f
is called the non-wandering set of f and is denoted by Ω(f).

Axiom A maps. A smooth map f is called an axiom A map if f is hyperbolic on its non-
wandering set Ω(f).

Orbifold metric. A conformal metric on a Riemann surface is called an orbifold metric, with
expression γ(z)|dz| in terms of a local uniformizing parameter z, if the function γ(z) is smooth
except at a locally finite collection of points p1, p2, . . . where it blows up as follows: There
are integers, called ramification indices, νj ≥ 2, at the points pj , such that is we take a local
branched covering by setting z(w) = pj + wνj then the induced metric γ(z(w))|(dz/dw)dw| on
the w-plane is smooth and non-singular in some neighborhood of the origin.

Sub-hyperbolic rational maps. A rational map f : Ĉ −→ Ĉ is called sub-hyperbolic if it is
expanding with respect to some orbifold metric on a neighborhood of its Julia set.

Here are two classical results on hyperbolic and sub-hyperbolic maps:

Hyperbolic rational maps. Let f : Ĉ −→ Ĉ be a rational map of degree deg(f) ≥ 2. Then
the following conditions are equivalent:

(1) f is expanding (and hence hyperbolic) on its Julia set J(f).
(2) The ω-limit set of each critical point is some attracting periodic orbit.

Sub-hyperbolic rational maps. Let f : Ĉ −→ Ĉ be a rational map of degree deg(f) ≥ 2.
Then the f is sub-hyperbolic if and only if:

(1) Every critical orbit in the Julia set J(f) is eventually periodic.
(2) Every critical orbit outside of the Julia set J(f) converges to an attracting periodic orbit.

Axiom A rational maps. A rational map satisfies Axiom A if and only if J(f) is hyperbolic.

Proof. See [M].

Properties of the Fatou and Julia components of a holomorphic map f : Ĉ −→ Ĉ.

Note first that any holomorphic map f : Ĉ −→ Ĉ can be expressed as a rational function of
two polynomials. The degree of f = p/q is given by deg(f) = max(deg(p), deg(q)). The degree
of f is important, and determines the maximal number of other quantities.
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Attracting cycles. Let f : Ĉ −→ Ĉ be a rational map. Then
(1) Every attracting periodic orbit attracts a critical point.
(2) The number of critical points of f is at most 2 deg(f) − 2.
Hence the number of attracting periodic orbits is at most 2 deg(f) − 2.

Grand orbits. The grand orbit of a point z0 ∈ Ĉ is the set of all points z ∈ Ĉ which eventually
intersects the orbit of z0. The grand orbit of z0 is denoted by GO(z0, f). Hence

GO(z0) = {z ∈ Ĉ : fn(z) = fm(z0) for some integers m,n ≥ 0}

Lemma. The Julia set of a holomorphic map f : Ĉ −→ Ĉ, J(f) is fully invariant under f .
This means that if z0 ∈ J(f) then GO(z0, f) ⊂ J(f). In particular, for any integer n ≥ 1 we
have J(fn) = J(f).

The Julia set is in some sense self-similar as the following lemma shows:

Self-similar properties. Let J(f) be the Julia set of a rational map f : Ĉ −→ Ĉ. If z0 ∈ J(f)
with z1 = f(z0) and z0 is not a critical point, then there is an induced conformal isomorphism
from a neighborhood N0 of z0 to a neighborhood N1 of z1 which takes N0 ∩ J(f) to N1 ∩ J(f).

Periodic orbits

Let f : Ĉ −→ Ĉ be a rational holomorphic map and let {zi}
n−1
i=0 ⊂ C (so we can use the usual

coordinate in C = Ĉ \ {∞}) be a n-periodic orbit. The number

λ = Dfn(zi) =

n−1
∏

i=0

Df(zi)

is called the eigenvalue or multiplier of the periodic orbit. Periodic orbits are classified as follows:
(1) The periodic orbit is called repelling if |λ| > 1.
(2) The periodic orbit is called attracting if 0 < |λ| < 1, and superattracting if λ = 0.
(3) The periodic orbit is called neutral or indifferent if |λ| = 1.

We may assume that the periodic point is a fixed point by replacing f by fn, and that the
fixed point is located in the origin by applying a simple translation. Hence we may assume that
f locally has the form

f(z) = λz + c2z
2 + · · ·

The local structure of a repelling or attracting periodic point is given by Kænigs theorem (1884):

Kænigs theorem. If |λ| 6= 0, 1, then there is a local change of coordinates w = ψ(z), ψ(0) = 0
such that g = ψ ◦ f ◦ψ−1, where g(w) = λw for all w in a neighborhood of the origin. The map
ψ is unique up to multiplication with a non-zero constant.

The local structure in the case of a superattracting periodic orbit is given by Böttchers
theorem (1904):

Böttchers theorem. Assume that

f(z) = cnz
n + cn+1z

n+1 + · · ·

with n ≥ 2 and cn 6= 0. Then there exists a holomorphic change of coordinates w = φ(z),
φ(0) = 0, in a neighborhood of the origin such that g = φ ◦ f ◦ φ−1, where g(w) = wn. The map
φ is unique up to a multiplication with the n− 1-th root of unity.

Remark. This theorem is often applied in the case of a fixed point in z = ∞ conjugating the
map to the local local form w 7→ wn (see the section on Markov partitions below).

The clasification of neutral points is far more difficult. We will first consider the special case
λ = 1.
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Attracting and repelling petals. Let f be given as f(z) = z + cn+1z
n+1 + · · · . The integer

n + 1 ≥ 2 is called the multiplicity of z = 0. Let N1 and N2 be neighborhoods of z = 0 such
that f maps N1 diffeomorphically onto N2. A connected open set U with compact closure,
closure(U) ⊂ N1 ∩N2, is called an attracting petal for f at z = 0 if

f(closure(U)) ⊂ U ∪ {0} and
⋂

k≥0

fk(closure(U)) = {0}

W is called a repelling petal if W is an attracting petal for f−1.

The structure near z = 0 with f(z) = z + cn+1z
n+1 + · · · is given by the Leau-Fatou Flower

theorem:

Leau-Fatou Flower theorem. Let f(z) = z+ cn+1z
n+1 + · · · such that z = 0 has multiplicity

n + 1 ≥ 2. Then there exist n disjoint attracting petals Ui and n disjoint repelling petals Wi,
i = 1, . . . , n, such that the union of these 2n petals together with z = 0 forms a neighborhood N0

of the origin. The petals alternate in the sense that there is a denumeration such that each Ui
intersects only Wi−1 and Wi. (We identify i = 0 with i = n.)

Note that points inside a attracting petal converges uniformly to z = 0. On the other hand
if z = z0 is a point in a repelling petal, then the iterate will leave a neighboorhood of the origin,
but the orbit may return infinity often.

Attracting petals for z 7→ z + 7z5. The four holes at the middle is probably
due to our numerical method used to determine uniformly convergent initial

points.

The Leau-Fatou Flower theorem now extends to points where the multiplier is a q-th root of
unity, λ = exp(2πip/q) where p/q is a fraction in lowest term. We may replace f by its q-th
iterate h = f q. We clearly has the following lemma:

Lemma. If the multiplier λ at a fixed point z = z0 is a primitive q-th root of unity, then the
number n of attractive petals around z = z0 must be a multiple of q. That is, the multplisity
n+ 1 of z0 as a fixed point of f q satisfy mod (n+ 1, q) = 1.

Computer generated images of some fractal sets

Computer generated fractals and images of such sets can be found many places on the internet
and in the literature, as a starting point see [B] and [PS]. Many authors also emphesis on
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rendering spectacular images with nice colors, 3D rendering and rendering on the Riemann
sphere etc. In the appendix we have given the C program used to produce our figures (in
PostScript). However, our aim is not to produce graphics (even if fractals usually look nice),
but we have another motivation as explained below.

The fractal dimension computation methods we discuss here may roughly be divided into
two cathegories, box counting methods and combinatorical/dynamical methods. We will briefly
discuss the two cathgories here before going into a detailed description of the agorithms and
the theory behind the algorithms. The computer generated figures given here may be useful to
understand some of the difficulties involved in fractal dimension computing.

The box counting methods are based on covering a set X ⊂ Rn with a mesh B = {Bi}Ni=1 of
boxes of a certain size ε such that ∪Bi ⊃ X and then determine the number N(B, ε) =

∑

χBi

where

χBi =

{

0 if Bi ∩X = ∅

1 if Bi ∩X 6= ∅

About the figures. The figures below are produced by the program juliasets.c given in the program listings

in the appendix. The resolution is 3600 × 3600 pixels, so almost 13 million points are checked. The image is

stored in a PostScript file as a hexadecimal string.

The Julia set J(fα) for fa(z) = z2 + α with α = −0.74540 + 0.095183i.
The fractal dimension calcultaion program written by C. McMullen gives
dim(J(fα)) = 1.57452104 in 77 steps with ε = 10−3.

Hence we must know the approximate location of the set X and have a method to determine
if X intersects a given box Bi ∈ B. The ability to determine if a box Bi intersects the set X ,
at least for sets in R2, is closely related to our ability to generate good images of the set. We
may think of the mesh B = {Bi}Ni=1 as the set of pixels in the image.
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The Julia set J(fα) for fa(z) = z2 + α with α = 0.27310 + 0.006990i. Mc-
Mullen’s program gives dim(J(fα)) = 1.41034919 in 43 steps with ε = 10−3.

The Julia set J(fα) for fa(z) = z2 + α with α = −0.200062 + 0.807120i.
McMullen’s program gives dim(J(fα)) = 1.55518488 in 12 steps with ε =
10−3.

Consider the problem of locating points in the Julia set of mappings of the form fα : z 7→
z2 + α. If z0 ∈ J(fα) then both fα(z0) and f−1(z0) are in J(fa) or equvivalently, J(fα) =
f(J(fα)) = f−1(J(fα)). Furthermore, if α ∈ M , where M denotes the Mandelbrot set we know
that fα has a finite located attractor, the ω-limit of the critical point. In the last case we have
at least two different very well known methods for locating points in the set J(fα) as J(fα) is
the boundary between the domain of attraction for the finite loctaed attractor and the domain

of attraction of ∞ ∈ Ĉ.



ASPECTS OF COMPUTATION OF FRACTAL DIMENSIONS 9

Some examples of dimension computations

Let us look at some simple examples of fractal sets and how we may compute their dimension.
We will here only compute their Hausdorff and Box dimension. Note that the measure of a set
of a non-integer Hausdorff dimesion is zero. There is a concept related both to measure and
to dimension for Cantor sets, called the thickness of a Cantor set, introduced by Newhouse in
[N]....(add).

Example 2. Let

X =

{

x ∈ [0, 1] : x =

∞
∑

n=1

in
3n

with in ∈ {0, 2}

}

.

This is the usual Middle Third Cantor set.
We may compute the Box dimension as follows: Let {Un}n≥0 denote the sequence of covers

where U0 = [0, 1] and Un+1 is obtained from the finite union of closed intevals Un = ∪kIk by
removing the open middle third of each interval Ik. In other words, if Ik = [a, b], we apply the
rule [a, b] 7→ [a, (2a + b)/3] ∪ [(a + 2b)/3, b], to each interval Ik in Un. Hence each cover Un
contains 2n closed intervals of length 3−n. The covers Un are minimal in the sense that the
endpoints in each of the closed intervals are members of the set X . By the definition of the Box
dimension we find that

dimB(X) = lim
n→∞

ln 2n

ln(1/3−n)
= lim
n→∞

ln 2

ln 3
=

ln 2

ln 3
.

We will now compute the Hausdorff dimension using the same sequence of covers as above.
We must find the infimum of the α’s such that

∑

Ik∈Un

|Ik|
α =

∑

Ik∈Un

(3−n)α = 2n3−αn < ε

for any ε > 0. Hence we must find the infimum of the α’s such that

lim
n→∞

2n3−αn = 0

or equvivalently limn→∞ n(ln 2 − α ln 3) = ∞. Clearly this gives α = ln 2/ ln 3, so dimH(X) =
ln 2/ ln 3. Hence we have shown that

dimH(X) = dimB(X) =
ln 2

ln 3
.

Example 3. Let

X =

{

(x, y) ∈ [0, 1]× [0, 1] : x =

∞
∑

n=1

in
3n

and y =

∞
∑

n=1

jn
3n

with (in, jn) ∈ I

}

where

I = {(i, j) : 0 ≤ i, j ≤ 2 where (i, j) 6= (1, 1)}

This is the usual Sierpinski Carpet. We find, by slightly modifying the computations in example
2, that

dimH(X) = dimB(X) =
3 ln 2

ln 3
.
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Example 4. Consider a rational map f : C −→ C where f(z) = P (z)/Q(z) for non-trivially
prime polynomials P,Q ∈ C[z] such that maximum of the degree of P and Q is greater or equal
to 2. The Julia set J(f) is the closure of the repelling periodic points, that is,

J(f) = closure({z ∈ C : fn(z) = z for some integer n, and |(fn)′(z)| > 1}).

Consider the “standard family of maps”, fc(z) = z2 + c. Then it is possible to show that
dimH(J(fc)) behaves nicely for small |c| and large |c|. If |c| is close to zero, then J(fc) is a
Jordan curve close to a circle, but dimH(J(fc)) > 1. If |c| is large then J(fc) is fractal dust, a
Cantor set, with dimH(J(fc)) close to zero. In fact, we have the following well known asymptotic
results [McM2] asymptotic results:

dimH(J(fc)) ∼ 1 +
|c|2

4 ln 2
as |c| → 0

and

dimH(J(fc)) ∼
2 ln 2

ln |c|
as |c| → ∞

Using techniques which we will consider later it is possible to show that

dimH(J(fc)) = 1.02321992890309691 . . . for c = i/4

dimH(J(fc)) = 1.00003662 . . . for c = i/100

dimH(J(fc)) = 0.9038745968111 . . . for c = −3/2 + 2i/3

dimH(J(fc)) = 0.48479829443816043053839847 . . . for c = −5

See [JP] for an explanation of the algorithms and techniques used in these computations, and
the section on the Jenkinson/Pollicott formula below.

An attractor of four affine linear transformations.

Moran’s teorem, the pressure of a system and the Bowen-Ruelle theorem

Many authors have constructed fractals and “real world objects” with fractal properties using
affine linear contractions of Euclidian spaces. Such systems is of the class called iterated function
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systems (IFS) and is used as an example by M. Barnsley for image compression where he uses
his “Collage Theorem”. This theorem states roughly that given any “shape” in the plane then
there is a finite set of affine linear contractions, the IFS, having this “shape” as an approximate
attractor, see [B].

There exist some classical results related to IFS consisting of affine linear contractions its
attractor and the Hausdorff dimension. This is given by Moran’s theorem (reference to a proof
is given quite subtile inside an exercice in [B], see page 202, exercice 4.7 section 5.4 “The
Hausdorff-Besicovitch fractal dimension”):

Moran’s theorem. If l1, . . . , lk where li : Rn −→ Rn are affine conformal contractions all
satisfying the open set condition, then the Hausdorff dimension of the attractor A, d = dimH(A),
is the unique solution of the identity

1 = (α1)
d + · · · + (αk)

d

where αi = ‖li‖. The open set condition says that there exist some open set U ⊂ Rn such that
l1(U), . . . , lk(U) are disjoint.

The Middle Third Cantor set. It is a well known fact that the Middle Third Cantor set
is the attractor of the IFS consisting of the two affine linear contractions l1(x) = x/3 and
l2(x) = (x+ 2)/3. By Morans theorem we then have

(

1

3

)d

+

(

1

3

)d

= 2

(

1

3

)d

= 1.

This equation is easily solved and gives d = ln 2/ ln 3.

The Sierpinski Carpet. Its Hausdorff dimension is d = 3 ln 2/ ln 3 ≈ 1.89279.

The Sierpinski Carpet. The Sierpinski Carpet is the attractor for the eight affine linear
contractions given by li,j(x, y) = (x/3, y/3) + (i/3, j/3) where (i, j) ∈ I = {(i, j) : 0 ≤ i, j ≤
2 where (i, j) 6= (1, 1)}. Moran’s theorem gives in this case

8

(

1

3

)d

= 1
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so d = ln 8/ ln 3 = 3 ln 2/ ln 3.

Remark. For a IFS of affine linear contractions with attractor Λ we have dimH(Λ) = dimB(Λ),
that is, the Hausdorff and Box dimension are equal.

It would be nice to have some corresponding formula for the Hausdorff dimension more general
systems than the affine contractions described in the above text. In fact this is possible, but we
will need some notation and theorems.

Let f : X −→ X be a C1 conformal expanding mapping on a compact metric space X . This
means that the derivative of f is the same in all directions and |f ′(x)| ≥ γ > 1 for all x ∈ X .

Example 5. The map f : z 7→ z2 is a conformal expanding mapping on S1 since the derivative
is f ′(z) = 2z. Hence |f ′(z)| = 2 > 1 on X = S1.

Pressure of a system. Let f : X −→ X be a C1 conformal expanding mapping on a compact
metric space X , and let p : X −→ R be any continuous mapping. The pressure of p with respect
to the dynamical system f : X −→ X is defined as

Pf (p) = lim
n→∞

1

n
ln





∑

fn(x)=x

n−1
∏

i=0

exp(p(f i(x)))





The sum above is taken over the periodic points of f in X .

We now define the Bowen-Ruelle mapping:

Definition. Let f : X −→ X be a C1 conformal expanding mapping on a compact metric
space X and let hs(x) = −s ln |f ′(x)|. The mapping hs is called the Bowen-Ruelle mapping.

Remark. Note that the family hs is well defined since f : X −→ X be a C1 conformal expanding
mapping, and hence |f ′(x)| > 1.

The following theorem is due to Ruelle and Bowen (proven independently in a quite different
setting):

The Bowen-Ruelle Theorem. Let f : X −→ X be a C1 conformal expanding mapping on
a compact metric space X and let hs denote the Bowen-Ruelle mapping. Then there exists a
unique solution s to the equation

Pf (hs) = 0

given by s = dimH(X) = dimB(X).

Remark. If the mapping s 7→ Pfc(hs) is analytic then one may deduce from the implicit function
theorem that the Hausdorff dimension c 7→ dimH(Xc) is analytic too. In the case of the standard
family z 7→ z2 + c this is the case if c stays away from the boundary of the Mandelbrot set of
this family.

Let us compute Pf (hs). We find by elementary computations that for any fixed n ∈ N

ln
∑

fn(x)=x

n−1
∏

i=0

exp(p(f i(x))) = ln
∑

fn(x)=x

n−1
∏

i=0

exp(−s ln |f ′(f i(x))|)

= ln
∑

fn(x)=x

n−1
∏

i=0

exp(ln |f ′(f i(x))|−s) = ln
∑

fn(x)=x

n−1
∏

i=0

|f ′(f i(x))|−s

= ln
∑

fn(x)=x

(

n−1
∏

i=0

|f ′(f i(x))|

)−s

= ln
∑

fn(x)=x

|(fn)′(x)|−s

Hence

Pf (hs) = lim
n→∞

1

n
ln

∑

fn(x)=x

|(fn)′(x)|−s
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Let f : C −→ C be a conformal mapping with Julia set J(f). Assume that J(f) is compact,
and that f : J(f) −→ J(f) is expanding. Hence for all z ∈ J(f) we have 1 < C0 ≤ |f ′(z)| ≤ C1

for some constants C0, C1, and hence Cn0 ≤ |(fn)′(x)| ≤ Cn1 . For s > 0 we then have

C−ns
1 ≤ |(fn)′(x)|−s ≤ C−ns

0

Let Mf (n) denote the number of elements in {x ∈ J(f) : fn(x) = x}. Then

Mf (n)

Cns1

≤
∑

fn(x)=x
x∈J(f)

|(fn)′(x)|−s ≤
Mf (n)

Cns0

Note that for fixed n each of the three functions above is strictly decreasing functions in s > 0.
We have clearly

1

n
ln
Mf (n)

Cns1

≤
1

n
ln

∑

fn(x)=x
x∈J(f)

|(fn)′(x)|−s ≤
1

n
ln
Mf (n)

Cns0

Note first that this are rather crude estimates since we we have put a lower bound on |f ′(z)|
instead on each periodic orbit. We may solve for the s making each argument of the ln-function
equal to 1. We then find

lnMf (n)

n lnC1
= slown ≤ sn ≤ shigh

n =
lnMf (n)

n lnC0

where sn is the (unique) solution to

∑

fn(x)=x
x∈J(f)

|(fn)′(x)|−s = 1

Example 6. Consider f : C −→ C with f(x) = x2. Here we have J(f) = S1 and hence
|f ′(x)| = 2 so |(fn)′(x)| = 2n for all x ∈ J(f). It is easily seen that Mf (n) = 2n− 1 in this case
since the equation fn(x) = x has 2n solutions, and the solution x = 0 6∈ S1 must be discarded.
Clearly

∑

fn(x)=x
x∈J(f)

|(fn)′(x)|−s = (2n − 1)(2n)−s = (2n − 1)2−ns

Solving (2n− 1)2−nsn = 1 for sn gives sn = (ln(2n− 1))/n ln 2, so slown = sn = shigh
n in this case.

It is easily seen that sn ↗ 1 as n→ ∞.

Example 7. Let ε > 0 be some small number and let Aε(1) = {z ∈ C : 1 − ε ≤ |z| ≤ 1 + ε}.
Let fα(z) = z2 +α and assume that J(fα) ⊂ Aε(1). Then the inequallities above takes the form

ln(2n − 1)

n ln(2(1 + ε))
≤ sn ≤

ln(2n − 1)

n ln(2(1 − ε))

Hence

sn ≈
ln(2n − 1)

2n

(

1

ln(2(1 + ε))
+

1

ln(2(1 − ε))

)

=
ln(2n − 1)

n

(

1

ln 2
+

2 + ln 2

2(ln 2)3
ε2 +O(ε4)

)

by Taylor expantion in ε = 0. In the limit as n→ ∞ we find that

sn → s = 1 +
2 + ln 2

2(ln 2)2
ε2 +O(ε4).
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Note that this approximation is related to the size of the annulus Dε(1), and not to the size of
the parameter |α| ≈ 0.

Let gn(z, α) = fnα (z)− z. A n-periodic point z = z(α) satisfy gn(z(α), α) = 0 so by the chain

rule we have ∂gn

∂z
∂z
∂α

+ ∂gn

∂α
= 0. Hence

∂z

∂α
(α) = −

∂gn
∂α

(z(α), α)

∂gn
∂z

(z(α), α)

We will relate the size ε of the annulus Aε(1) to the parameter α in the family of quaderatic
maps, fα(z). By Taylor expansion of z = z(α) we find that

z(α) = z(0) +
∂z

∂α
(0)α+O(α2) where z(0) ∈ S1.

Hence we have the approximation

ε ≈ max |z(α) − z(0)| ≈

∣

∣

∣

∣

∂z

∂α
(0)

∣

∣

∣

∣

|α|

where maximum is taken over all z ∈ S1 and n ∈ N. By the chain rule we find after some
tedious work that

−

∂gn
∂α

(z(0), 0)

∂gn
∂z

(z(0), 0)

=

n
∑

k=1

2k−1z2n−2n−k+1

1 − 2nz2n−1

We will need to estimate the following quantity

M = sup
n∈N

|z|=1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

n
∑

k=1

2k−1z2n−2n−k+1

1 − 2nz2n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

The dominant terms in the expression above is found from

2n−1z2n−2

2nz2n−1
=

1

2z

We conclude that ε ≈ |α|/2, and hence obtain the estimate

s ≈ 1 +
2 + ln 2

2(ln 2)2
ε2 ≈ 1 +

2 + ln 2

2(ln 2)2
|α|2

4
= 1 +

(2 + ln 2)|α|2

8(ln 2)2

We will need the following result in our example below. The notation ω(z) is used for the
ω-limit set of the point z. Let fα : z 7→ z2 + α. Then fα has only one critical point z0 = 0.
Assume that Card(ω(z0)) = n and that ω(z0) is finite and attracting. The Mf (i) = 2i for i < n
and Mf (i) = 2i−n for i ≥ n. To see this, simply note that the number of solutions of f iα(z) = z
are 2i and that fα can have at most one attracting or parabolic orbit in the finite complex plane.
(See [M], lemma 10.4.)

Computer example: Bowen-Ruelle pressure formula computations. Let fα : C −→ C with
fα(z) = z2 + α

M(f, n) = Card(Per(f, n) ∩ J(f)) = Card{x ∈ J(f) : fn(x) = x}
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and let K0,n denote the minimum modulus of x ∈ Per(f, n)∩J(f) andK1,n denote the maximum
modulus of x ∈ Per(f, n)∩J(f), and let K0 denote the minimum modulus and K1 the maximum
modulus of x ∈ J(f). We write Ci,n = 2Ki,n and Ci = 2Ki for i = 0, 1.

We will consider three different α-values, α1 = 1
10 + i

5 , α2 = − 11
10 + i

8 and α3 = − 1
10 + 41i

50 .
For α1 the system has a finite attracting fixed point, for α2 the system has a finite attracting
period-2 orbit and for α3 the system has a finite attracting period-3 orbit.

Dimension estimates by McCullen’s C program: dim(J(fα1))) = 1.02165097, dim(J(fα2))) =
1.31199970 and dim(J(fα3))) = 1.47057062 with ε-size equal to 10−3.

Algorithms based on the pressure equation

It is possible to give algorithms based on the notion of pressure using the Bowen-Ruelle
theorem for computation of an approximate Hausdorff dimension where the approximation is
controlled. These algoritms converge exponentially fast (or faster in some cases). See [McM1]
and [McM2]. Some of these ideas may also be found in [Fa1] and [Fa2].

Algorithm 1. Fix some x ∈ X and for each n ∈ N let dn be the unique solution of the equation
∑

fn(y)=x

|(fn)′(y)|−dn = 1

Then there are numbers C > 0 and 0 < θ < 1 such that |dn − dimH(X)| ≤ Cθn.

Remark. The choice of a random point in a Julia set J(f) works since the repelling periodic
points are dense in J(f) by definition.

Example 6. Consider the standard quaderatic family with c = 0. Let p ∈ S1 be a random
chosen point. The equation fn(x) = p has 2n solutions. We have

(fn)′(x) =
n−1
∏

i=0

f ′(f i(x))

Taking the norm, and using the fact that f i(x) ∈ S1 we see that

|(fn)′(x)| = |
n−1
∏

i=0

f ′(f i(x))| = 2n
n−1
∏

i=0

|f i(x)| = 2n.

Hence the sum in algorithm 1 takes the form

2n(2n)−dn = 1

since we sum over 2n different orbits. This equation clearly has the solution dn = 1 for all n ∈ N.
In view of the analyticy of the family one understand why this method works so well (at least
for small |c|).

The second algorithm provides a second and more structured way of the same idea:

Algorithm 2. Let X ⊂ Rm be a closed set and let f : X −→ X be an expanding analytic map.
Let cn : [0,m] −→ R, n ∈ N, be the sequence of maps defined by

cn(s) =
1

n

∑

fn(x)=x

|(fn)′(x)|−s

1 − |(fn)′(x)|−1

and let bn : [0,m] −→ R, n ∈ N, be the sequence of maps defined by

1 +

∞
∑

n=1

bn(s)z
n = exp

(

−
∞
∑

n=1

cn(s)z
n

)

.

Let sN , 0 ≤ sN ≤ k be the unique solution of

1 +

N
∑

n=1

bn(s) = 0

Then there are numbers C > 0 and 0 < θ < 1 such that |sN − dimH(X)| ≤ CθN
1+1/k

.
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Markov partitions

We will give some of the theoretical background for the computational algorithms for the
Hausdorff dimension. These algorithms are based on Markov partitions and are closely related
to symbolic dynamics for a dynamical system. Our presentation are closely related to the
presentation given in [McM2] and in [JP].

We recall that a conformal mapping f is a mapping preserving the angle between curves
through a given point z0. In particular we have f ′(z0) 6= 0. A conformal dynamical system F

on Sn = Rn ∪ {∞} is a collection of conformal mappings

fi : Ui(fi) −→ Sn where Ui(fi) are open sets

such that overlaps of the open sets and maps are equal. A finite positive measure µ on Sn such
that

µ(fi(E)) =

∫

E

|f ′
i(z)|

δ dµ

whenever fi|E is injective, E ⊂ Ui(fi) is a Borel set and fi ∈ F, is called an F-invariant density
of dimension δ. The derivative is measured in the spherical metric given by

σ =
2|dz|

1 + |z|2
.

Let µ denote the measure above and let Pi ⊂ Sn be connected compact subsets such that fi
is definded on Pi. By the notation i 7→ j we will mean that µ(fi(Pi) ∪ Pj) > 0.

Markov partitions. A finite Markov partition for (F, µ) is a non-empty collection of connected
compact subsets Pi and maps fi, denoted by P = 〈(Pi, fi)〉 such that

(1) fi(Pi) ⊃
⋃

i7→j Pj .

(2) fi is a homeomorphism in a neighborhood of Pi ∩ f
−1
i (Pj) whenever i 7→ j.

(3) µ(Pi) > 0.

(4) µ(Pi ∩ Pj) = 0 if i 6= j.

(5) µ(f(Pi)) = µ(
⋃

i7→j Pj) =
∑

i7→j µ(Pj).

(6) The collection {Pi} is finite.

A Markov partition P = 〈(Pi, fi)〉 is called expanding if there is a smooth conformal metric
ρ on Sn and a constant ξ > 1 such that |f ′

i(x)|ρ > ξ > 1 for all x ∈ Pi and fi(x) ∈ Pj for some
j.

We define the refinement of a Markov partition as the new Markov partition R(P) =
〈(Rij , fi) : i 7→ j〉 where Rij = f−1(Pj) ∩ Pi, that is, each block is subdivided by the pullback
of P. The maps remain the same on the subdivided blocks.

Computed example. Markov partitions for a class of quadratic polynomials. Let fα
be the family of polynomials fα(z) = z2 + α such that the Julia set J(fα) is connected and fα
is expanding on J(fα). Let K(fα) denote the filled Julia set of fα, that is, the set of points in
C not converging to ∞.

Let D denote the closed unit disk. When J(fα) is connected, there is a Riemann mapping

Φ : C \D −→ C \K(fα)

We can arrange such that Φ(z2) = fα(Φ(z)). This normalization is unique for quadratic poly-
nomials. When J(fα) is locally connected the Riemann map Φ extends to the boundary to a
map

Φα : S1 −→ J(fα)
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where S1 ≈ R/Z. We have the following commutative diagram of mappings, where ψ(θ) = 2θ
is the angle doubling map:

S1 Φα−−−−→ J(fα)

ψ





y





y
fa

S1 Φα−−−−→ J(fα)

We claim that a 2-block expanding Markov partition is given by P = 〈(Pi, fα)〉 where P1 =
Φα([0, 1

2 ]) and P2 = Φα([ 12 , 1]). We must check that (1) - (5) hold in the definition of a Markov

partition. Let I1 = [0, 1
2 ] and I2 = [ 12 , 1]. Note first, that Φα(ψ(θ)) = fα(Φa(θ)) so fα(Pi) =

fα(Φα(Ii)) = Φα(ψ(Ii)) = Φα(S1) = J(fα) = P1 ∪ P2 for i = 1, 2.

The Jenkinson/Pollicott formula

The Jenkinson/Pollicott formula [JP] for an approximation of the Hausdorff dimension of the
Julia set of a hyperbolic holomorphic map f : C −→ C is given as follows:

Let f : J −→ J be a hyperbolic holomorphic map with Julia set J ⊂ C. Let ∆N (s) be defined
by

∆N (s) = 1+

N
∑

n=1

∑

(n1,...,nm)
n1+···+nm=n

(−1)m

m!

m
∏

k=1

1

nk

∑

fnk (z)=z
z∈J

|D(fnk )(z)|−s
(

1 +
1 − 2Re(D(fnk)(z))

|D(fnk )(z)|2

)−1

Let

δnk
(s) = |D(fnk)(z)|−s

(

1 +
1− 2Re(D(fnk )(z))

|D(fnk )(z)|2

)−1

,

we will need this quantity later.

Theorem. General case: The leading zero sN of ∆(s) = 0 gives approximations to dimH(J)

such that | dimH(J) − sN | < CεN
3/2

for some C > 0 and 0 < ε < 1.
Approxiamtions on submanifolds: For the quadratic map fα(z) = z2 + α restricted to the

Julia set J(fα) for α ∈ R with α < −2 the leading zero sN of ∆(s) = 0 gives approximations to

dimH(J) such that | dimH(J) − sN | < CεN
2

for some C > 0 and 0 < ε < 1.

The formula for ∆N (s) is quite complex and needs some comments. The sum

∑

(n1,...,nm)
n1+···+nm=n

(−1)m

m!

m
∏

k=1

1

nk

∑

fnk (z)=z
z∈J

δnk
(s)

is taken over all ordered m-tuples of positive integers whose sum is equal to n. For example, for
n = 1 there is only one 1-tuple given by (1), for n = 2 there is one 1-tuple, (2), and one 2-tuple,
(1, 1), for n = 3 there is one 1-tuple, (3), two 2-tuples, (1, 2) and (2, 1), and one 3-tuple, (1, 1, 1).

Note that the inner sum

Snk
=

∑

fnk (z)=z
z∈J

|D(fnk )(z)|−s
(

1 +
1 − 2Re(D(fnk)(z))

|D(fnk )(z)|2

)−1

is taken over all periodic points z satisfying fnk(z) = z and not only primitive nk-periodic
orbits.

We will first implement this formula in a Mathematica program.

Remark. The main problem with this method is to locate all the periodic points of period less
or equal to some fixed integer N . There are several approaches to overcome this problem,
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depending on the dynamical system in question and on the computer tools that we use. Further
discussions of this problem is given in the text below.

In order to implement the above formula in Mathematica we need first to generate the ordered
m-tuples of integers in the outer sum. This is easily done by a one line program using the function
Partitions from the Add-On package Combinatorica. As we only need one function from this
package we “steal” the folloving code:

Off@General::SpellDH* The code for Partitions is taken from the Add-
On package "DiscreteMath‘Combinatorica‘",
but we only need one function, not the whole package, so we don’ t load it. *L
Partitions@n_IntegerD := Partitions@n, nD;
Partitions@n_Integer, _D := 8< �; Hn < 0L;
Partitions@0, _D := 88<<;
Partitions@n_Integer, 1D := 8Table@1, 8n<D<;
Partitions@_, 0D := 8<;
Partitions@n_Integer, maxpart_IntegerD :=
Block@8$RecursionLimit = Infinity<, Join@Map@HPrepend@#, maxpartDL &,

Partitions@n - maxpart, maxpartDD, Partitions@n, maxpart - 1DDD;
Our function generating a list of all i-tuples where i ranges from 1 to n now takes the form:

OrbitList@n_IntegerD := Flatten@Table@
Flatten@Map@Permutations, Partitions@iDD, 1D,8i, 1, n<D, 1D;

We need to define our system, in the code below the system is referred to as f. For simplicity
we will here use the standard quadratic family.

f@Α_D@z_D := z2 + Α;

We will need to evaluate the derivative of the n-times composition of the system numerically.
The following takes care of this (note the special form since we are using the quadratic family
in this example):

dnf@Α_, n_Integer, z_D := 2n  Apply@Times, NestList@#2 + Α &, z, n - 1DD;
A critical part of the program is to calculate the location of periodic points with great accuracy.
This is here done by using NSolve. The WorkingPrecision of NSolve is passed as the
argument dig. This number can be varied depending on the dynamical system, but if we use
Mathematica’s default options, the program often give very wrong results. We need the non-
attracting priodic points. This can be done by the following code:

PeriodicPointList@Α_, n_Integer, dig_IntegerD :=
z �. NSolve@Factor@Nest@f@ΑD, z, nD - zD � 0, z, digD;

AllPeriodicList@Α_, n_Integer, dig_IntegerD :=
Table@PeriodicPointList@Α, i, digD, 8i, 1, n<D;

RepellingPeriodicPointList@Α_, n_Integer, dig_IntegerD := Module@8l<,
l = AllPeriodicList@Α, n, digD;
Return@Table@Select@lPiT, Abs@dnf@Α, i, #DD > 1 &D, 8i, 1, n<DDD;

We must evaluate

|D(fnk)(z)|−s
(

1 +
1 − 2Re(D(fnk )(z))

|D(fnk)(z)|2

)−1

for each periodic point. This gives us the following function:

InnerTrace@Α_, n_Integer, s_D@z_D :=

Abs@dnf@Α, n, zDD-s  
ikjjjj1 +

1 - 2 Re@dnf@Α, n, zDD
�����������������������������������������������������������
Abs@dnf@Α, n, zDD2

y{zzzz
-1

;

Next, we we form all atom equations collected in a list. The position of the equation correspond
to the period:
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EquationList@Α_, n_Integer, dig_Integer, s_D := Module@8pl<,
pl = RepellingPeriodicPointList@Α, n, digD;
Return@Table@Apply@Plus, Map@InnerTrace@Α, i, sD@#D &, plPiTDD, 8i, 1, n<DDD;

Next we sum over the ordered m-tuples of integers:

ProductSum@l_List, eql_ListD :=
H-1LLength@lD
����������������������������������
Length@lD!

 ä
k=1

Length@lD 1
��������������
lPkT  eqlPlPkTT;

Finally we can form the left hand side equation we wish to solve:

DimensionEquation@Α_, n_Integer, dig_Integer, s_D := Module@8eq, mapedlist<,
eq = EquationList@Α, n, dig, sD;
mapedlist = Map@ProductSum@#, eqD &, OrbitList@nDD;
Return@1 + Apply@Plus, mapedlistDDD;

The last function calls FindRoot and solve our dimension equation:

HausdorffDimension@Α_, n_Integer, dig_Integer, guess_, opts___D :=
$$s �. FindRoot@DimensionEquation@Α, n, dig, $$sD, 8$$s, guess<, optsD;

The above Mathematica code is given in a compact form in the appendix.

Using boxcounting methods

There are several strategies for applying boxcounting methods in computing the box dimen-
sion. We will look at a couple of methods here both using Mathematica and C-programs. The
C-programs are listed in the appendix.

Let f : C −→ C be a rational map, let J(f) denote its Julia set and let Ff denote the
corresponding IFS.

One method is to find the approximate location of J(f) inside some rectangle R, then cover
this rectangle with a mesh of boxes {Ri} and use the IFS Ff to determine which boxes that
intersect the Julia set J(f). This method requires some memory to keep track of the mesh
and relies on that we are able to compute points in J(f) (approximate points in this set)
approximately evenly distributed on J(f). This method may very easily be implemented by
Mathematica, and examples are given below.

Another method is to find the approximate location of J(f) inside some rectangle R, then
cover this rectangle with a mesh of boxes {Ri} and use properties of the dynamical system
f : C −→ C to detemine whether a box intersects the Julia set or not. This will give us a
subcover {R′

i} such that the boxes in {Ri} \ {R′
i} are discarded, as they do not intersect the

Julia set. We can refine this subcover and continue the process of discarding boxes in each
subcover until we have some approximation of the number of boxes of a certain size needed to
cover J(f). An example of a property that can be used to detect boxes in the cover is if f has
two attracting fixed points, then J(f) is the common boundary of the domains of attraction
of these points, and we may test points on the boundary of each box in the current cover to
determine which domain of attraction they belong to, and hence conclude if the box intersects
J(f) or not. A C-program using this method is given in the appendix. If J(f) is a set of “fractal
dust” then we can not use this method.

Yet another method is the Boundary Scanning Method. This method applies good when the
Julia set is a closed curve and we are able to find some attracting periodic point of the system.
We can then find some point approximated located on J(f), cover this point with a box of size
ε, and search for neighboring boxes until the Julia set is covered. This method was used in
[GAJ] where the cover was built up using ε-triangles. An example C program using this method
is given in the appendix.

Regardless of which method we choose to compute an approximation to the box dimension,
we run into some kind of trouble.
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Numerical calculations with the standard quadratic family

The figure illustrates the problem when we refine a mesh, deleting ”non-hit
boxes”. It is easy to miss a box contained in the minimal cover. One way of
reducing this problem is to include more testpoints on the boundary by the
cost of CPU usage.

The Potts-Bethe mapping

Some examples of rational maps of the Riemann sphere

Some computer experiments

The following figures and tables contains the result of some computer experiments with the
C program described in the appendix in the file newboxpb.c. The experiments is of course run
from a small shellscript for all the series. A typical output from a single run is:

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Data  for  mu =  0.560000  +  0.200000  I,  zeta  =  11.000000,  q  =  9,  gamma =  3

0.118215  +  −0.026891  I  −>  0.624286
0.257664  +  0.199337  I  −>  1.479660
1.874121  +  −0.172445  I  −>  0.364654
There  are  2  attracting  fixed  points
f[0]  =  0.118215  +  −0.026891  I
f[1]  =  1.874121  +  −0.172445  I
Repelling  fixed  point  :  0.257664  +  0.199337  I
Initial  coordinate  :  0.376515
cp1  :  eps:  0.003765148270,  boxes:  778
cp2  :  eps:  0.000941287068,  boxes:  3174  d  :  1.0142300339
cp3  :  eps:  0.000235321767,  boxes:  12836  d  :  1.0079108307
cp4  :  eps:  0.000058830442,  boxes:  52066  d  :  1.0100729402
cp5  :  eps:  0.000014707610,  boxes:  210886  d  :  1.0090249212

Here are some results:
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Upper left is Im(µ) = 0, upper right is Im(µ) = 0.1, lower left Im(µ) = 0.2
and lower right Im(µ) = 0.3.
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Preliminary conclutions

It seems, like so many times in (chaotic) dynamical system, that even if there exit some nice
algorithms in theory, they are not straight forward to use at all. They must be adapted to each
system in question, and special care with respect to numerics has to be taken in each case.
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